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n , We prove a law of large numbers for random walks in certain kinds of i.i.d. random 

environments in Z'^ that is an extension of a result of Bolthausen, Sznitman and Zeitouni [3]. 
We use this result, along with the lace expansion for self- interacting random walks, to prove 
a monotonicity result for the first coordinate of the speed of the random walk under some 
strong assumptions on the distribution of the environment. 
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v^ : 1 Introduction 

o. 

Q ■ Since the pioneering work of Solomon and others in the mid 1970s to early 1980s, random walk in 
a random environment (RWRE) has enjoyed a revival in recent times as a number of interesting 
results have been obtained. Many of these results relate to laws of large numbers and invariance 

rN \ principles for i.i.d. random environments that are uniformly elliptic (all nearest-neighbour transi- 
cd ' tion probabilities are bounded away from zero) . While the behavior of one-dimensional RWRE is 
quite well understood, understanding is much less complete for RWRE in higher dimensions, and 
in particular, for non-ballistic RWRE. Several special classes of RWRE are amenable to analysis in 
general dimensions, such as random walk among random conductances, random walks in balanced 
random environments or Dirichlet random environments, random walks in random environments 
which are small perturbations of a deterministic environment, etc (see e.g. [21 |3l O [I3] and the 
references therein). Another class is a random walk in a partially random environment, introduced 
by Bolthausen, Sznitman and Zeitouni in [1] . They established laws of large numbers and central 
limit theorems for a RWRE in dimensions d = cIq + di, where do > 1 is the number of coordinates 
in which the environment is random, and where the projection of the walk onto the remaining 
(ii > 5 coordinates is a deterministic symmetric random walk. 

In this paper we consider monotonicity properties of the speed for random walks in partially 
random environments (RWpRE) that are similar to those considered in [3]. Such properties have 
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not been extensively studied in the literature. The few results on the monotonicity of the speed we 
are aware of include the work of Holmes and Salisbury [12] where monotonicity of the speed (when 
it exists) is proved for all environments that take only two possible values via a coupling argument, 
and Sabot [13] and Fribergh [6] , where asymptotic expansions for the speed are derived for random 
walks in random environments that are small perturbations of a simple random walk with drift. 
There has also been recent progress in the study of the monotonicity of the speed as a function 
of the bias for a biased random walk on supercritical percolation clusters [7] and Galton- Watson 
trees [1] . Our main result is a monotonicity result for the first coordinate of the speed, under some 
special assumptions on the distribution of the partially random environment. For example when 
at each site either the left or right step in the the first coordinate direction is not available, we 
prove that the first coordinate of the speed is monotone increasing in the probability that the right 
step is available. Our proof consists of two steps. We first extend a result of [1] to show that the 
(non-random) speed exists almost surely for the class of RWpRW under our consideration. We 
then establish the desired monotonicity by analyzing an expansion formula for the speed derived 
in [8] using lace expansion techniques, which is valid for all annealed RWRE, but is most useful 
in the case di ^ do when one has good control (in terms of finite random walk Green's functions) 
over the terms in the expansion. 

Let A^i(Z'^) be the space of probability kernels on Z"^, and more generally for c > let 
A4c(Z'^) denote the space of kernels on Z*^ with total mass c. Given a family of probability kernels 
u := (wz,m("))xGZ'',meN ^ A^i(Z'^)^ ^^ which we call a cookie environment, the law of a random 
walk {Xn)n>o in the cookie environment u starting at Xq = x, denoted by Px,uj, is defined as 
follows. Under Px,ui, the walk evolves conditional on its history via the transition probabilities 
Px,uj{Xn = X„_i + n|(Xi)o<i<„,_i) = cux„_iA-i(x„_i)(^i), for all neN, where in{y) = Y2=o '^{Xk=y} 
is the number of visits to y up to time n. In words, upon the m-th visit to x, the walk sees the 
environment Ux,m and makes a jump accordingly. We will consider the case when u is random, 
and the cookie environment at different points in space, {ux^.{'))xez'ij ai's i.i.d. with a common law 
/i G A^i(A^i(Z'^)^). The measure Px^u: is called the quenched law. When we average the quenched 
law of {Xn)n>o with respect to the cookie environment u, we obtain the so-called annealed (or 
more accurately the averaged) law 

Px '-^ >r X Px,u}i 

where P := fi^'^ denotes the law of u in the product space Q := {M.i{l/)Y' ^^. 

The random walk model described above is sometimes called a multi-excited random walk (in 
a random cookie environment). When we restrict the cookie environment to environments that 
are constant in m, i.e. u:x,m{') = ^x{') for every x and m, we obtain the more often studied RWRE 
model. Among other assumptions required for our two main results, the result on monotonicity of 
the speed assumes that u:x,m{') = ^x{')i while the law of large numbers result does not. 

1.1 The law of large numbers 

Recall that the RWRE X is said to satisfy a (strong) law of large numbers (LLN), if there exists 
a constant v G M*^, such that Pq a.s. lim„_j.oo ^ = v. For ballistic RWRE, the technique of 
regeneration times has been useful in proving the LLN, see e.g. [151 El [1B|- For non-ballistic 
RWRE, it is not known in general if there is a deterministic limit, however Sznitman and Zerner [15] 
and Zerner [T7] showed that X^/n converges Po-almost surely to a random variable taking at most 



two possible values. In dimension two, the LLN has been established by Zerner and Merkl |18j . 
In both cases the environment is assumed to be i.i.d. and elliptic (with Ux^mi') = ^x{-)), but it 
was shown recently by Holmes and Salisbury in [121 Sec. 3] that the assumption of ellipticity can 
be dropped. In higher dimensions, the LLN has only been established for various special classes 
which do not require ballisticity. One such special class is a random walk in a partially random 
environment studied by Bolthausen, Sznitman, and Zeitouni in [1] . They assume that d = do + di 
with do > 1 and di > 5, and there exists a G (0,1) and q{-) G A^i(Z'^i), such that for /i a.e. 

u,{-) G M^iz'^y. 

(a) uj^{-) is supported on the canonical unit vectors, i.e., XleeZ"^ |e|=i'^a:(^) ~ -'-' 

(b) if Udi '■ li^ — )■ Z'^i denotes the projection of f G Z'^ to its last d\ coordinates, then 

(u;.on,-i)(.) = ag(-) + (l-«)<5o(-), (1.1) 

(c) X]egZ'*i,|e|=i^(^) = 1' ^^^ 9'(*^) = (l{~^) > for ^11 ^ ^ ^'^^ ^\\h. |e| = 1. 

When the RWRE (X„)„>o on Z"^ is projected to its last d\ coordinates, one obtains a random walk 
(^n)neN '■= {S^dx^njn&i ou if^ with transition kernel ag(-) + (1 — a)(5o(-)- In dimensions d\ > 5, 
such a random walk admits so-called cut times, i.e., 

V:={neZ: F(_oo,n-i] n Y[rr,oo) = 0} 7^ a.s. (1.2) 

Using the fact that conditional on the projected random walk {Ildj^Xn)n>o, the environments the 
walk X sees between successive cut times are independent, a law of large numbers was proved in 
|1]. The key assumption is thus the existence of cut times, which play the role of regeneration 
times in this context. 

We now extend the aforementioned LLN from [1] to cookie environments u := (co'a;,m("))xGZ<*,mGN 
where {u}x,-{'))xez<i are i.i.d. with common law /i. Furthermore, we will allow a in (II. ip to be 
random. More precisely, conditions (a)-(c) will be relaxed to the following: 

(a') There exists K > such that uJx,m{-) is a.s. supported on [—K, KY for all m G N. 

(b') There exists some 5 > and q G A^i(Z'^^) with g(0) = such that, for all ra G N, a.s. 

(^x,m, o n~^^)(-) = a^,,„g(-) + (1 - a^,,„)<^o(-) for some a<^^„ > 5. (1.3) 

(c') For a random walk {Yn)n<m on ^"^^ with jump probability kernel g(-), P 7^ a.s. 

Note that condition (c') holds for any Y with a non-zero drift, and it also holds for any Y that is at 
least 5-dimensional in the sense that the space spanned by vectors in the support of F' s increment 
distribution is at least 5-dimensional (see e.g. [H Lemma 1.1]). By ergodicity, (c') in fact implies 
that V is an infinite set almost surely. 

Theorem 1.1. (Law of large numbers) Let (X„)„>o he a random walk in a cookie environment 
uj, where (Wx,('))a;GZ'* ^'^^ i.i.d. with common law fi and satisfy conditions (a')-(c') above. Then 
there exists some v EMf^ such that 

V 

lim — - = V Pg almost surely. (1-4) 

n— i-cjo n 



Although we will only need time-independent random environments when we later study the 
monotonicity of the speed v, we have formulated Theorem 11.11 for cookie environments because 
there are natural interesting examples involving cookie environments, such as the (multi)-excited 
random walk (see e.g. [ID]). Apart from extending [H Theorem 1.4], Theorem 1 1 . 1 1 also extends the 
weak law of large numbers [HI Theorem 2.5], which incorporated the parameter 5 but is only valid 
in the perturbative regime where there is some e > sufficiently small (depending on 5) such that 
PdcUo — E[ci;o]|i > e) = 0, where | ■ |i denotes here the total variation norm on J^iil/). 

The proof of Theorem 11.11 is based on adaptations of arguments in [1] , which we outline in 
Section [21 Relaxing conditions (a) and (c) to (a') and (c') does not induce any change in the proof. 
However relaxing condition (b) to (b') requires a simple but not entirely trivial observation, and 
the proof needs to be modified accordingly. Indeed we were encouraged to consider this extension 
by one of the authors of [1] . 

The lace expansion for self-interacting random walks of van der Hofstad and Holmes [8] gives 
the following series representation for the expected increment of the RWRE under Pq, 

n 
Eo[Xn - X„„i] = Eo[Xi] + Y.H ^^rn{x), (1.5) 

m=2 X 

where TTm{x), for m>2,xE7/ are somewhat complicated quantities known as lace-expansion co- 
efficients. If (11.51) converges then Eo[Xn/n\ converges to the same limit (convergence of Eo[Xn/n\ 
also follows from dominated convergence and the fact that Xn/n converges almost surely). The- 
orem [LT] allows us to go one step further and say that if (II. 5p converges then it converges to f, 
i.e. 

n 

V = Eo[X^] + lim V V X7r„(x). (1.6) 

m=2 X 

Usually in analysing this formula we ffist require enough control on the coefficients iTmix) to ensure 
that this series converges. To prove other properties of the velocity such as the sign, continuity, 
differentiability, and monotonicity, we typically require even better control of the coefficients iTmix). 
The expansion is not perturbative in the usual sense. For any translation invariant self-interacting 
random walk (see [8] for precise details) for which Eo[Xn — Xn^i] converges, the formula (II. 5p is 
valid. Currently in order to extract useful information from the formula we require the walk to 
be sufficiently and quantifiably transient, independent of the history of the walk. Analysis of the 
formula without such an assumption would require a major advance in our understanding of the 
expansion methodology itself. In this paper the walks that we consider have a high- dimensional 
simple random walk component (see e.g. assumption (A3) in Section [T72|) which has the necessary 
transience property. 

We will study (II. 6p as a function of a particular parameter of interest, P, under some strong 
assumptions on the distribution of the environment, and show that the velocity f '^^ (the ffist 
coordinate of the velocity) is increasing in /3. A precise formulation of this result is given in 
Theorem 11.21 at the end of Section 11.21 

1.2 Monotonicity 

Our discussion and results concerning monotonicity are restricted to time-independent random 
environments, i.e., Ur^mi') = ^x{') for all m G N and x G Z,'^. For a discussion of monotonicity in 



cookie environments with do = 1 and condition (b) instead of (b'), see for example [10]. Rather a 
lot is known when d = 1, see Holmes and Salisbury |llj . 

It is well known that the velocity of a RWRE is not monotone increasing in the expected local 
drift at the origin. In fact it is possible in one dimension that the expected local drift is negative, 
yet the walk is transient to the right. In higher dimensions (see e.g. [1],[I2]) the speed and the 
expected local drift can even carry opposite signs. For example, consider a nearest-neighbour 
RWRE on 7? with i.i.d. environment u := {ux)xez, where P(a;o(ei) = C0o{e2) = ^) = P and 
F{uJo{—ei) = 1) = 1 — p. Due to an elementary renewal structure, the velocity of this random walk 
can be calculated explicitly [12] as 

It is easy to see that the first coordinate u'^l need not carry the same sign as the expected local 
drift Y — 1. However in this example the velocity is indeed monotone in p. Holmes and Salisbury 
fn\ prove that this is the case for any 2- valued environment. To be precise, if F{uo = ^i) = p = 
1 — F{uo = A2) then the velocity v{p) if it exists is monotone in p. This fails in general [12] for 
3- valued environments with respective probabilities p(l — q), (1 — p)(l — q) and q for fixed q. 

Now consider two i.i.d. environments u and u satisfying conditions (a)-(c) in Sec. Il.ll with the 
same do, di, a and g(-). Assume furthermore that for some n G (0, 1), 

Uo{ei) + Uo{-ei) = Uo{ei) + u}o{-ei) = K, F a.s., (1.7) 

and u}o{ei) stochastically dominates Uoiei) in the sense that 

P(wo(ei) < s) > P(wo(ei) < s) for all s G [0, 1]. (1.8) 

Suppose that a random walk X (resp. X) with Xq = Xq = in the random environment u (resp. 
uj) satisfies a LLN with (deterministic) speed v (resp. v), is it true that v^'^' < v^^', where w^^' 
denotes the first coordinate of w G M"^? 

When do = 1 and di > 0, the answer to the above question is affirmative, since we can easily 
couple (X, u) with (X, u) such that at each time n, Xn = Xn for z > 1, and Xn > Xn. That is, 
the position of the walks {Xn}n>o and {Xn}n>o differ only in the first coordinate and X is never 
to the left of X. 

In general, however, we expect the answer to the above question to be negative, since the 
limiting velocity v depends on the joint distribution of {uo{±ei))i<i<do. Consider for example the 
case do = d = 2 with k = |, such that 

F{icUoie,),tUoi-ei)) = (1/2, 0)) = /3 = 1 - P((a;o(ei), a;o(-e.)) = (0, 1/2)), ^ = 1, 2, (1.9) 

for some f3 G (0,1), and {uJoie2),uJo{—e2)) is independent of (ci;o(ei),Co'o(— ei)). The corresponding 
random walk has limiting velocity v = for all /3 G (0, 1), since it eventually gets stuck on a finite 
number of sites (e.g. see [12]). On the other hand one expects that the random walk in the random 
environment u (again with do = d = 2, k = ^) such that 

P(wo(e2) = Wo(ei) = 1/2) =(3 = 1- P(So(-e2) = Uo{-e,) = 1/2) (1.10) 



has a non-trivial deterministic velocity whenever /3 ^ 1/2 (see e.g. |12j). 

As a special case of our main result (Theorem II. 21) below, we will show that for each of the two 
examples in (II. 9p and (11.101) . if di ^ 1 and the 1/2 in (II. 9p and (11.101) is replaced by a sufficiently 
small constant, then v^^"^ is continuous and strictly increasing in /3. We believe that one can tune 
parameters in these two examples such that Wo(ei) stochastically dominates ijJo[&\) as in (II. 8p . and 
yet v^^^ > tJt-^l. 

For u and u formulated as in (11.70 and (II. 80 . if we further assume that {uo{±ei)} is independent 
of {uJo{±ei) : 2 < i < d}, the same holds for u, and {uo{±ei) : 2 < i < d} is equally distributed 
with {a3o(±ej) : 2 < i < d}, then it is natural to expect the monotonicity property v^^'^ < v^^'^ to 
hold. We will prove this in high dimensions in some special cases. 

We now formulate precisely the class of RWRE for which we can prove monotonicity of v^^\ 
Let d = do + di, 1 < d^, < do, and let 7, k, 5 G (0, 1] be such that 7 + 5 < 1. Our assumptions on 
the random environment u consist of the following. 

(AO): u := {ux)x&i.d are i.i.d. with common law /i G A^i(A^i(Z'^)), and /i-a.s., Uo is supported on 
Vd := {±ei}i<i<d and satisfies conditions (b')-(c') in Sec. II. II for some g(-) G Aii{Z'^^). 

(Al): Uo as an A^i(Z'^)-valued random variable furthermore admits the representation 

Wo = ^d, X 6d^d,{o) + Sd,{o) X Id-d., (1.11) 

where x denotes product measure, Si{o) G A^i(Z*) denotes the delta measure at the origin o, and 
^d, and ^d-d, are independent random kernels supported on Vd, (resp. V^-dJ with total mass 7 
(resp. 1 - 7) and laws /i^, G MiiM^{Z'^')) (resp. fld-d.. G Mi{Mi-^{Z'^-'^*))). 

(A2): There exist z^i, z/2 G Ai-y{'Z'^*) with disjoint supports Si,S2 C Vd, such that 



f^d, (supp(a) n {Si U ^2 U {±ei}) = 0) = 1 - «:, 



:i.l2) 



and 

P ■■= (i^2(ei) - z/2(-ei)) - (z/i(ei) - z^i(-ei)) > 0. (1.13) 

For simplicity, we will also use Si to denote Si x O^-d, C Z'^, where 0^ is the zero vector in Z^. 

(A3): Let g(-) G Mi{Z'^^) be as in (b'), and let G'g(x) := E^o^*''(^)' ^^ere q*^{-) denotes the 
k-iold convolution of g(-) with itself. Then 

G,j{o) < 2 and G^' := sup G;^(x) < 00 ioi i = 1, 2, 3, 4. (1.14) 

Let us elaborate more on the assumptions. Assumption (Al) requires that /i-a.s., a walk with 
transition kernel Uo will make a nearest-neighbor jump in the first d^ coordinate directions with 
probability 7, and make a nearest-neighbor jump in the last d — d^ coordinate directions with 
probability 1 — 7. Furthermore, the restriction of lOq to unit vectors in the first rf* coordinate 
directions is independent of its restriction to unit vectors in the last d — d^, coordinate directions. 

The parameter /3 in (A2) allows us to tune the relative weight of the kernels ui and z/2. Since 
p > 0, ui and z/2 have different drifts in the first coordinate direction. We can therefore expect 
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ft^l to increase monotonically as we increase the weight of U2 at the expense of ui. However, our 
proof requires Vi and z/2 to have disjoint supports. Furthermore, when ^^^1 the restriction of u^ 
to Vd^, is neither Vi nor z/2, then its support must be disjoint from the support of Vi and z/2, 
and it cannot allow jumps that change the first coordinate of the random walk (which is trivially 
satisfied if k = 1). Under this assumption, the history of the walk up to time n either provides 
no information about S,d, at x G Z*^ because no jumps affecting the first (i* coordinates has been 
taken from x, or we can determine whether ^d, = z/i, or z/2, or neither, based on past jumps from 
X affecting the first (i* coordinates. This fact will be crucial for our proofs. 

Assumption (AO), and in particular (b'), guarantees that for /i almost every realization of Uo, 
with probability at least 6, a jump following uJq will induce a change in (and only in) the last di 
coordinates, and conditional on this event, the jump follows the kernel q. This allows us to extract 
a deterministic random walk and apply lace expansion techniques. 

Assumption (A3) is needed to control the lace expansion coefficients. It is true for example 
when di is sufficiently large. As an alternative to the assumption G*^ < 00 in (A3), we can instead 
assume that an appropriate local central limit theorem type bound, (14.71) . holds for the random 
walk with kernel q. See Section 14.11 for further details. We note that when g(-) has zero mean, 
G*^ < 00 if and only if di > 8, while the local limit theorem bound (14.71) holds as long as di > 6. 
We expect that the methods of this paper could be adapted to handle cases where di is small 
for asymmetric q, provided that the bias of g(-) is sufficiently strong. This analysis would require 
different estimates, similar to those used in the analysis of once-reinforced random walk with drift 
in [H]. 

We are now ready to state the second main result of this paper, which holds under the further 
assumption that S in (11.31) is sufficiently close to 1. 

Theorem 1.2. (Monotonicity of speed) Let X be a random, walk in an i.i.d. random environ- 
ment u which satisfies (AO)— (A4) with kernel q{-) and constants •j, n, 6 G (0,1], •y + S < 1. There 
exists Sq G (0, 1) depending only on q{-), such that if 5 E {Sg,l), then v^^^ is continuous and strictly 
increasing in (3. 

Note that under assumptions (AO)— (A4), the existence of a deterministic velocity v is guar- 
anteed by Theorem 11.11 

The simplest random environment for which Theorem 11.21 applies is when: (1) d* = do, which 
implies that in (11.111) . C,d-d, = ■Crfi = Qi') a-S-, and hence that the probability of taking a g-step (a 
step with non-zero 11^1 projection) is the constant 5 = 1 — 7; (2) k = 1 so that ^d, in (ll.lip equals 
either ui or z/2. Such a random environment allows only two possible realizations for each Ux, 
and P determines the probabilities of their occurrence, so we know from [12] that the velocity is 
monotone in /3. The more general random environments formulated in Theorem 1 1.21 can be regarded 
as perturbations of this simple case by allowing more randomness: k, < 1 allows C,d, to take on 
realizations other than 1^1, 1^2, provided assumption (A2) holds; rf* < do allows ^d-d* to be random, 
provided condition (b') holds. We note that suitable assumptions on the additional randomness 
is necessary for the monotonicity result to hold, as it was shown in [12] that monotonicity does 
not hold in general for random environments which almost surely takes on one of three possible 
realizations. 

Lastly we remark that in related works of Sabot [13] and Fribergh [6], the authors study the 
speed of a RWRE which is a perturbation of a homogeneous simple random walk with drift. This 
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is similar in spirit to our model since both are perturbations of a simple random walk. However 
the exact nature of perturbations, the results, and the techniques are all quite different. In [13] 
and [6] , the authors rely on the representation of the speed of a ballistic random walk in terms of 
Kalikow's auxiliary random walk and perform perturbation expansion for its Green function. This 
results in an expansion of the speed as a function of the perturbation parameter, which implies 
monotonicity of the speed when the perturbation parameter is zero. Our results employ lace 
expansion techniques and require stronger assumptions, but are valid as long as the deterministic 
component of the random walk is transient enough (not necessarily ballistic), as characterized by 
the condition on its Green function in (A3). The monotonicity we obtain is valid on the whole 
range of admissible parameters /5. 

1.3 Organisation 

The remainder of the paper is organised as follows. In Section[2]we prove Theorem I l.li In Section[3] 
we review the relevant notation and results on the lace expansion for self-interacting random walks 
from [8], including the formula for the speed. The basic ingredients of the formula are annealed 
transition probabilities, and these are examined in Section 13.11 Sections 13.21 and 13.31 are devoted 
to proving bounds on some of the quantities appearing in the speed formula and its derivative. 
Finally in Section |4] we prove Theorem 11.21 as a consequence of the given formula for the speed 
and its derivative. 



2 Proof of Theorem 11.1 



The proof is based on adaptations of the arguments in the proof of [U Theorem 1.4]. The first step 
is to give a suitable representation of the random cookie environment u in terms of independent 
environments using cut times. Then the standard LLN for i.i.d. random variables can be applied. 
Let (Zj)jgz be i.i.d. Z'^i-valued random variables with common distribution g(-). Then we can 
construct a doubly infinite random walk path {Yn)ne'L in ^"^^ with Yq = 0, y„ = 'Y^^=i ^i fo^^ n>l, 
and Yn = — ^j=„_,_i Zi for n < —1. The set of cut times of {Yn)n^i, or (Z„)„gZ5 defined in f ll.2p . is 
almost surely non-empty by assumption (c'). Note that (Zj, l{iev})i£Z is an ergodic sequence with 
respect to the time shifts 

6k{Zi, l{-iGX)}) = {Zi+k, Iji+feGP}), k eZ. (2.1) 

Therefore almost surely, supP = oo and iniV = — oo. We will denote I^ fl [1, oo) := {Ti < T2 < 
■ ■ ■ } and r" n (-00, 0] :={■■■ < T_i < Tq}. 

We can couple the random walk X in the random cookie environment with Y as follows. Given 
(X„)„>o, let To = 0, and inductively, define 

T, := mi{n > r,_i : n,,(X„ - X„_i) j^ 0}, j G N. (2.2) 

By condition (b') on the random cookie environment u, {Xq,Xt-^,Xt-2, ■ ■ ■ ) is distributed exactly 
as {Yn)n>o- So without loss of generality, we will assume that Ud^^Xr^ — ^t^-i) = Zi for i G N. 
Note that when condition (b) holds, (Ildj^Xn)n>o is distributed as a random walk Y on Z'^i with 
increment distribution aq{-) + (1 — a)6o{-). We can then just couple X with Y and there will be 
no need to introduce the stopping times Tj. This was the approach taken in [3]. 
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By the definition of cut times of (Z„)„gz and the assumption that {uJx,m)m.Gn is i.i.d. for 
X G Z'', we observe that conditional on {Ilaj^{XT-. — Xt-._j))j>o = (^i)j>o, the random walk sees 
spatially distinct, and hence independent, cookie environments on the time intervals [0, r^-^ — 1], 
and [tt,, tt.^^ — 1] for z G N. We thus have the following construction of the annealed law of X. 

Let {Zi)i^z, (^j)jGZ, and V = (Ti)i^i be as above. Let a;^*^ i e Z, be i.i.d. ^2- valued random 
variables equally distributed with cj, which will be the cookie environment the walk X sees on the 
time interval [t^- j,r2-^ — 1]. For each i G Z, we construct a random walk {Xn)n>o in the cookie 
environment a;'*' inductively as follows. Set Xq = 0. Let 

^(4!n]) ■■= \{^<J<^-- n..(xf - Xf i) ^ 0}| (2.3) 

be the number of steps X^*^ has taken with non-zero increments in the last di coordinates up to 
time n. For each v G Z'', if IldiV = 0, then we set X^-^-^ = X„ +v with probability tu (t) (i) (v) 

SO that the walk's jump is unperturbed if it does not affect the last di coordinates. On the 
event that the walk's jump does affect the last di coordinates, we will change the law of the 
jump so that its 11^^ projection agrees with the next increment of Y . More precisely, for v with 
Ud^v = Z (i) we assign v as the next jump with probability u%~^ ,,.{v) / q{]Id^v) , 

which by (b') is equal to 






i.e. the product of the probability that there is a jump affecting the last rfi-coordinates and the 
probability that the jump equals v conditional on Hd^v = Z^ +n(x^'^ )+r ^^^ other jumps are 

assigned probability 0. This then couples X^*^ and Y so that the increments of X^*^ in the last di 
coordinates match exactly with {ZTi_^+n)n>i- 

Since need not be a cut-time for F, we need a different version of X^^\ denoted by X^^'*, 
where given X„ , we set X„+;^ = Xn + v with probability uj -\^) -(i) {v) if lid^v = 0, and with 

probability (^ -\i) -(i) {v)/q{I[d-^{v)) if IldiV = Zj^,y(i} ■. -., so that the increments of X^^^ in the 

Xrt i^n\Xn } V [O.n]' 

last di coordinates match exactly with (Z„)„>i. Let {tj )j>o be defined for X^*^ as (t,)j>o is 
defined for X in fl2.2p . and let (f- )j>o be defined similarly for X^^^ Then we can construct 
(X„)„,>o by piecing together (xl^^)p^^^-(i) and (X^*^)p^^^^(,) for i > 2. More precisely, if we 

denote ai = fj^ and ai = ai^i + t^^ _r-_ for i > 2, then we set 

Xn= Xi^^ for 0<n<au 

X, = X,, + Xll^ for ai < n < as, 

; ; (2.4) 

Xn = X^^ + XJ:'^^l for ai < n < aj+i. 



Conditional on (Zj)jgz, {Xn)n>o is thus represented as the concatenation of a sequence of random 
walks in independent cookie environments. We leave it as an exercise to the reader to verify that 
(when averaged over the law of (Zj)^^^) X is distributed as a random walk in a random cookie 
environment u with law P. 

To prove the law of large numbers, we write Xt-„ = Yl^=i -^n — -^ri_i- Note that for each n G Z, 
there exists an 2 G Z with Tj_i < n <Ti. We then define 

\vS._yI^) _ ?rW arid At-^ •- -r'^'^ - -r^*^ 

which are the increments in space and time between successive jumps of X^*^ in the last di coor- 
dinates. Note that for each i > Ti, AXf = X^- — X^--^^ and Arf = Tj — Tj^i. The key to the 
proof of the law of large numbers is the observation that (Zj, AXf , ATf)i^z is an ergodic sequence 
with respect to the joint law of {Zi)i^z and (X^*^)jgz. Assuming this, then by the ergodic theorem, 
almost surely, 

V AX^ T" Ar^ 
lim ^^i^ '- = E[AXf] G R'^ and lim ^^^ '- = E[Arf ] G [1, oo), 

n^oo n n->-oo n 

where the ergodic theorem is applicable because |AXf |oo < KArf , and Arf is integrable because 
it is the time that a random walk in the random environment uj^^'' has to wait before making a 
jump in the last di coordinates, which by condition (b') is stochastically dominated by a geometric 
random variable with mean 6~^. Therefore, a.s. with respect to the law of X, 

n-5>oo Tn n->oo 2^^^^ Arf lli[Arf J 

This implies (11. 4p because sup^^_^<„<^, |X„ — XT-i_Joo < K{Ti — rj_i) for each z G N, where (tj — 
rj_i)jeN are dominated by independent geometric random variables with mean 6~^, and hence 
lim„_>.oo(Ti — rj_i)/n — )■ almost surely. 

It only remains to verify the ergodicity of (Zj, AXf , ATf)i^z- Since (.^i)igz determines the 
set of cut times V, and conditional on (Zj)jgZ5 (AX^, Ar;f )r-_^<„<T„ is constructed independently 
for each z G Z using only (^n)Ti_i<n<ri, by coupling, (Zj, AXf , Arf )jgz is shift invariant because 
(Zj)jgz is shift invariant. The ergodicity of (Zj, AXf , Ar^)i^i follows from the ergodicity of the 
sequence ((Z'„)T,_i<n<T,, (AXf )T,_i<n<T,, (Arf )r,_i<„<Tjiez, the proof of which is exactly the same 
as in the proof of [H Prop. 1.3]. D 

3 The lace expansion methodology 

In this section we recall notation and results from [8] and give a formula for the velocity v. 

A nearest-neighbour random walk path x„ is a sequence (xj)^^q for which Xj = (x| , . . . , x| ) G 
Z"^ and Ixj+i — Xi\ = 1 (Euclidean distance) for each i. If fj and x are two such paths of length at 
least j and m respectively and such that rjj = xq, then we define the concatenation ffj o Xm by 

/^ ^ \ i Vi when < i < ?', .„ _,x 

^ '^ ^ I Xj_j whenj<z<m + j. ^ ^ 
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For a general nearest-neighbour path Xi, we use the notation p^'{x,y) for the conditional 
probability that the walk steps from x (where x = Xi is implicit in the notation) to y, given the 
history of the path Xi = {xq, . . . ,Xi). In other words, for any finite path Xi of non-zero P^-q measure, 

p'''{xi,Xi+i) := Px-o(^i+i = Xi+i\Xi = Xi). (3.2) 

Given fjm such that Prio{Xm = 'ffm) > 0, we define a conditional probability measure P*" on walks 
starting from 77^ by 

n-l 
P'^'" {Xn = Xn) := Yl Z""''' i^i^ X^+l) = ^W (^m+„ = Vm O ^n|^m = Vm)- (3.3) 

Note that by definition, P^(j(Xm = Xm) = P^°{Xm = Xm)- 

Set jo = 0, and for n > 1 and fixed paths ^"^^+1 and Vj^+i let 

which is a difference in the probabilities of stepping from r/'-^' to rj'T^i with two different histories, 
^C-1+1 ° '^n' ^^^ ^n' ' ^ith the first history containing the second. 

Define Ara,N ■= {(ji, . . . , Jat) G Z^ : Y.'iLiJi = m- N -I}, A^ ■=[Jm '^rn,N = ^+ and 

-nx,y):= j: EE---Ei(.-wn.^.i^>'<')n^"n^^-"-^^"- w:\ei), 

(3.5) 

where (here and throughout this paper), each ^^i) is a sum over paths (?7q', . . . , ''7j'+i) consisting 

of jj -|- 1 nearest-neighbour steps in Z"^, where tjq = o and otherwise r/g' = "^/'^'ll+i. The summand 
is zero if the paths are not nearest-neighbour, so that we do not need to include this restriction in 
the summation notation. Note that -7r^'(x,?/) = for all N > m, and by the indicator constraint 
in (13.51) . 7r^^(x,?/) = if x is not a nearest-neighbour of y. Furthermore, Yliv'^m^^^v) — since 
summing A^r over r/J-^^'i 1 gives 1 — 1 = by (13.41) . 



'V 



IJN + l 

Also define the following quantities 

m—l 00 m—1 

7rm(a;,y) := ^7r^'(a;,y), 7r''^'(x, y) := ^ 7r^'(x, y), and 7r„(i/) := ^ ^7r^^(x, y), 

N=l m=2 N=l X 

(3.6) 
where (here and throughout this paper) Ylx denotes a sum over x G Z*^, where the summands are 
typically non-zero only when x is a nearest-neighbour of some y ^7/ appearing in the summand. 
The following result gives a formula for the velocity, provided the sum converges. 

Theorem 3.1 (Proposition 3.1 of [8]). Under the conditions of Theorem \l.l[ the limiting velocity 

V is given by 

00 

v = E,[X,] + J2T.y''^M^ (3.7) 

m=2 y 

whenever this series converges. 
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We are interested in properties of the first coordinate f '^^ of the speed as a function of (3. Since 
Yliy '^m\^-i ?/) = ) (13.71) can also be written in the more useful form 



oo m— 1 

V = Eo[X^] + Y.H H^y - ^)^m '(a^, y). so that (3.8) 

m=2 N=l x,y 

oo m — l 

v^ = E,[xW] + J2Y. E(^^" - ^''Vr(x,y). (3.9) 

m=2 N=l x,y 

Under the assumptions of Theorem 11.21 we will differentiate this expression with respect to (3. 
Note that 

Eo[xP] =E[E^^4XP]] = EK(ei) - uJo{-e,)] 

2 

= ^(i^i(ei) -z/i(-ei))yUrf,(i^i) = K(3p + K{ui{ei) - i^i(-ei)), 

where only the first term depends on /3. It follows immediately that 

dEo[X^^^] 



dp 



Kp. (3.10) 



If the derivative of the infinite series on the right hand side of ( 13. 9p (with respect to (3) is bounded 
in absolute value by np then we will have shown that v^'^' is increasing in (3 (when p > 0). This is 
a strategy that has been used successfully in studying excited random walks P HO] , where only in 
one coordinate direction does the step distribution not coincide with that of a simple symmetric 
random walk, and the probability of stepping in this one coordinate direction is a constant. 

As one might infer from (13. 5p and (13. 4p . an analysis of the speed formula ( 13. 7p and its derivative 
in /3 reduces to an analysis of transition probabilities of the form (13. 2p . 

3.1 The annealed transition probability 

In this section we consider properties of the annealed transition probability, defined for any path 
rfn of positive Pr,(,-measure by 



P'^'iVn, Vn+l) ■.=Pr,o{Xn+l = ?7„+l|X„ = f]„ 



P7^oi^n+l — Vn+l) 



V0\ ^ Vn) 



E[P^,,„ (X„ = r^„)] E[nr=o' ^m (^*+i ' ^^)\ 

Under P, u^ and Uy are independent if x 7^ y, whence (13. lip is equal to 

E[P(rf„)] 
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(3.11) 



(3.12) 



where 

<j <n-l : 

Therefore 



''- 'jn 

E[i?(c:Vi°C)] nB{t:)\ 



On '3ri /q -1 q\ 



It follows immediately that A„ ^ only if B{ff"^) ^ B{ff"^2^^_^i ° V'C^)^ i-^- only if ^!v]' ^ 'TjC-i'' 
Recall that 14 := {^^i}i<i<k- By Assumptions (A0)-(A4), for P-a.s. all Uo, 5q{v) < ijJo{v) < q{v) 
for all V e Vd\Vda- Therefore Y^vav^^ ^o{v) <l- S, and 

J2 |A„|<2(l-<5)l^^(„)^^„-i)^, (3.14) 

since the two terms in f l3.13p represent two probability kernels on Z*^ which both dominate Sq{-). 
We also need to examine the derivatives of the annealed transition probabilities with respect 
to f3. For a directed edge b, let i^rfn, b) = Yl^=i ^{ir]i-i,vi)=b} denote the edge local time of f/ at b up 
to time n, and for any V d Vd let £(57^, V) = Xlfeev ^(^"' i''ln,Vn + b)). Then for each ffn, almost 
surely, at most one of the following can be greater than 0: 

i{f]n,Si), i{f]n,S2), iiVn,Vd,\iSiUS2)), (3.15) 

where we recall from (A2) that Si = supp(^'.j) <Z Vd,, i = 1,2. 

• If Un := r]n+i -Vn^SiU S2, then 

2 2 

P''"{Vn,Vn+l) ='^MUn)l{i{ri„A)>0} + 1{£(^-„,K^J=0} ^ l^i(Mn)/^d. (i^i) 
2 



from which we deduce 



dp'^"{Vn,Vn+l] 



= /«h(^n) - Ul{Un)]l{l^r!„y^J=0}. (3.16) 



9/3 

If u„ := rjn+i — r]n ^ SiU S2, then it is easily verified by direct calculations that 

dp''"{r]n,rjn+i) ^^ 

a/3 
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Therefore 

dp 
so that 



--4^2{vj:'+i - vS) - '^i(C+i - i"r!W{i(i:zii,or^:\v,j=o} - i{%t''^<^*)=o}^' ^^■^'^^ 



9A. 



9/3 



■- '3n 'Jn — 1 



which together with the fact i^i, i^2 ^ A^^(Z *) and -j < 1 — 5 imphes that 



E 



^'jn + l^ 



aA. 



9/3 



<2fi:(l-5)l^^(„)g^„-i)^. 



Jn 'Jn-1 



Observe that 



=l{xGx,„_i}[p''"(2;,a: + ei) -p^"'°'^"{x,x + ei) -p*^(x,x - ei) +p^™°''"(x,x - ei)]. 
Lemma 3.2. For all x G Z"' and nearest-neighbour paths Xm and ffn such that tjq = Xm, 

y 
Proof. The term in brackets on the right hand side of (13.191) is equal to 

2 

2jz^i(ei) [l{e{rfr„Si)>o} + ^{e{rin,VdJ=o}f^d,{i^i)] 

i=l 

2 

- 2_^Ui{ei) [l{e{x„,ori„,S,)>0} + '^{i{x,„orfn,VdJ=0}f^d,{l^i)\ 
i=l 

2 

- 2j^**^~^l) [l{£(rf„,5,:)>0} + 1 W'7'n,VdJ=0}/^d. ('^i)] 
i=l 

2 

i=l 
2 



i=l 



l{<?(x,„o,f„,5i)>0} - l{<?(x,„orf„,VdJ=0}/^d,('^i) 



(3.18) 



(3.19) 

(3.20) 
(3.21) 
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If the first indicator function is non-zero for some i tlien so is the third (for the same i), while all 
other indicators are zero. Therefore we can rewrite the above as 

2 



i=l 



If the final indicator function here is 1 then so is the second, while the third is zero. Thus the 
quantity above is zero unless the last indicator is zero, i.e. f l3.19p is equal to 

l{xex„_i}l{^(»y„,<SiU<S2)=0}l{£(:r„or7„,V'dJ>0} 



X 



2_,[^^(^l) ~ ^i(-ei)] '^{l{rir.,VdJ=0}f^d,{'^i) - lWx^orf„A)>0} • (3.22 



i=l 



Case 1: If i^i(ei) = z^i(— ei) = 0, then p = 1^2(61) — z/2(— ei), and (I3.22p becomes 

l{xex,„_i}l{£(rf„,SiU<S2)=0}l{£(x„orf„,ydJ>0} P l{^(»7n,VdJ=0}'^/5 " l{f(x„orf„,S2)>0} 

where the term in brackets is the difference of two terms between and 1 and hence is 
bounded in absolute value by 1. The derivative with respect to /3 is 

l{xgx„_i}lWrf„,5iU52)=0}l{£(x„o,7„,KiJ>0}lWrf„,ydJ=0} f^ P 

which is bounded in absolute value by Ijajg^^^^-^j^p. 



Case 2: If i^i(ei) = and h'i{—ei) > 0, then z/2(— ei) = and p = z/2(ei) + z/i(— ei), while (I3.22p 
becomes 

l{xgx„_i}l{^(rf„,5iU52)=0}l{f(x™orf„,ydJ>0}X 
i^2(ei) l{£(rf„,ydJ=0}«^/3 - lWx„orf„,52)>0} -i^l(-ei) l{^(r?,„KiJ=0}'^(l - /3) - lWx„orf„,5i)>0} 

where the term inside the largest brackets is bounded in absolute value by p. The derivative 
with respect to (3 is 

l{xGx,„_i}l{<?(r?„,5iu52)=o}l{£(x„orf„,ydJ>o}lwrf„,ydJ=o} 1^ N(ei) + z/i(-ei)], 
which is bounded in absolute value by l^xf^xm-ij^^P- 

Case 3: If z/i(ei) > and z/i(— ei) = 0, then z/2(ei) = and p = — (^'2(— ei)+i^i(ei)) < 0, contradicting 
our assumption p > in (A2). So this case can be ruled out. 

Case 4: If z/i(ei) > and z/i(— ei) > 0, then 1^2(61) = z^2(— ei) = and p = z/i(— ei) — z/i(ei), while 
(Km equals 



-{mn,Vd,)=o} 



k{1- f3)-l 



{e{x„,ofi„,Si)>o} 



- '^{x&Xm-l}'^{eiVn,SlUS2)=0}'^{eiXmOif„,Vd,)>0} P 

with the term inside the bracket bounded in absolute value by 1. The derivative with respect 
to (3 is 

l{xea-„_i}l{£(rf„,5iU52)=0}l{£(x„orf„,ydJ>0}lw*?n,VdJ=0}'«P, 

which is bounded in absolute value by l{x£x„,-.i}f^P- 
This completes the proof of the lemma. D 
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3.2 Convergence of the speed formula 

In this section we prove a bound on J2x y J2m Km '(^5 2/) 1 5 which can then be used to show that the 
sum in the speed formula (11 .Op (or more precisely, the first line of (13.91) ) converges, and hence (11.61) 
holds. Similar methods have been used in [9] and ^U\ to bound similar quantities. The present 
context is more demanding since the types of environment being considered are more complicated 
(and require a somewhat more detailed analysis). In addition, the probability of stepping in various 
coordinate directions is allowed to be random, so that the number of steps taken in the coordinate 
directions (Iq + I, . . . ,dis not binomially distributed (as in [9] and [10]), but rather is stochastically 
dominated by a binomial distribution. 

We will need the following extension of [HI Lemma 3.1] for our bounds. 

Lemma 3.3. Let X be a random walk in U^ = U^^^'^^ in a random environment u satisfying 
assumptions (AO)— (A4). For any fjm with P^^{Xm = Vm) > 0, i G Z+ and u G U^ , if we denote 
pfin^l^.) ■= p^^(.| {X_m+k)o<k<m = Vm), then 

J2il±!^pv^^Xj = u) < i\6-'^'+^^Gf+^\ (3.23) 

where G*^ is defined in (TAJ). 

Proof. Let jVj be the number of steps the walk Xj := (Xfc)o<fc<j takes in the last di coordinate 
directions, given history {X_,m+k)o<k<m = Vm- Let r„ := inf{j >0:^fj = n}. Let (Fn)ngz+ be the 
random walk on Z'^^ coupled with X such that Yq = Ild^{XQ), the projection of Xq G Z'^o"'"^^ to its 
last di coordinates, and Yn — Yn-i = Ildi{Xr„ — -^r„_i) for all n G N. By assumption (AO), it is 
clear that Y is distributed as a random walk on Z'^^ with transition kernel q. We will denote the 
law of Y separately by Vq. We then have 

j j 



p^-{Xj =u) = 5^P^^™(x, = u,Mj = I) <5^P'^'"(nrf,(x,) = n,^{u)M, = 

1=0 1=0 

j 
= Y^P^-{J\r, = l\Yi = Y[d,{u))Vq{Yi = YidM)- (3.24) 



1=0 

Combined with Lemma [3.41 below, we obtain 



E^^^^'^'-l^.-^) < f;^^^X]P'^-(Ar, = /|ii = n,,(n))P,(F, = n,,(n)) 



?! '' — ' ?. 

j=0 -^ j=0 -^ 1=0 



oo 



Y.'^.iYi = n.,H) f; ^^^P^-{M, =l\Yi = n,,(n)) 

1=0 j=0 ^' 



^.-dl + ^V: 



1=0 

The inequality (I3.23P then follows from the fact that (see e.g. [9], (3.2)]) 

oo 



Gf-''\v) = J2^^V,{Y, = v). (3.25) 

1=0 
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n 

Lemma 3.4. Let X , ffm, u, Mj and Y be defined as in Lemma \3. 31 and its proof. Then 

f; ^-l±!^P^^-iAf, = l\Yi = n,,(n)) < 5-'^^. (3.26) 

Proof. First we claim that for all Xk and yi which are compatible (by the coupling of X and Y), 
we have 

P^-iUdAXk+i - Xk) ^ 0|F, = yuXk = Xk) > 6. (3.27) 

Note that 

E ^^^'^'"(A/;- = l\yi = n.,(n)) =i?^^- E ^-^^lw,=i}\Yi = n,,(n 
j=o ^' j=o ^' 

=ijT™[ 1^ ll±!):|y^ = n,,(n)], (3.28) 

where r, = ri{Af) is the first hitting time of level i hy Mj. By (13.271) . regardless of Yi.Xk and rfm, 
the (/c + l)st step has probability at least 5 of having a non-zero Tldi projection. It follows that 
under any conditional measure depending only on Yi and f/m, we can couple Mj with a random 
walk M.J on Z+ taking i.i.d. steps +1 or with probabilities 5 and 1 — 5 respectively, such that 
Ti^i{M) — Ti{M) < Ti^i{Mt) — Ti{J^) for all i, almost surely. This also implies that Aij < Mj and 
TiiM) <ri{M) a.s. 

Note that Aij is binomial with parameters {j,S). Therefore (13.281) is bounded by 

j=Ti{M) ■'' j=l ■^' j=l J- ^ y 

(3.29) 

exactly as in P [10] . It therefore remains to prove (I3.27P . 

To prove (13.271) . recall (12. 2p and let Jk = max{i > : Tj < A;}. Then Yjj^ is determined by Xk 
by the coupling of X and Y, and by assumptions (b') and (AO), (Yt — YjJt>Jk is independent of 
Xk and the event {Ild^{Xk+i — Xk) ^ 0}. Therefore 

p''^"(nrf,(Xfc+i - Xk) ^ m = m.Xk = Xk) =p^^-(n,,(Xfe+i - Xk) ^ o\Xk = Xk) 

=E*"[ YI ^x,iu)\Xk = Xk] > S, 

as required, where we used assumption (b') once more in the inequality. D 

Let 

es := 2(1 - S) and a = esS'^Gf. (3.30) 

The following proposition, together with Proposition 3.1 of [S], shows that the series in the speed 
formula (II. 6p converges when G*^ < oo and a < 1. When G*^ < oo as is assumed in (A3), a < 1 
can be achieved if 5 < 1 is sufficiently close to 1. 
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Proposition 3.5. For RWpRE as in Theorem M.^ and for each N E N, we have 

oo 

E E l^r(^,Z/)l <es6-'G,a''-\ (3.31) 



m=2 



Proof. It follows from (13 .Sp that '^^^•^d J2m=2 \KVi^^y)\ is bounded by 






E^°(«'<') E E i^^i n p"^' ''' «''<^+i) ■ ■ ■ E E i^-i n p"— ""- (C'C^i) 



'h '/jl+1 ^JjV + 1 



(3.32) 



where the sums over j^, k > 2 are all from to oo. Note that by (13.141) . A^ 7^ only when 
r]- = r]Q = 0, and in particular, only when ji is odd, which is why ji is summed from 1 onward. 
We will use Lemma [3.31 to successively bound the sums over j,, in (I3.32p . beginning with k = N. 
When N = 1, (1332|) becomes 






E^°(«'0 E E i^^i n p""' ''- (C'eo 

„(o) ji=l .^1) n=0 



00 

<E^°(^'<^)EE^''^"'(^^-^ = ^^-^)V=o}^^ 

(0) 71 = 1 ^1) ^^ 

00 00 

=65Ep°(«'<') E^'^^°'(^^i = ^) = ^^E^°(^^- = ^) ^ ^^^"'^'?' (3-33) 

^(0) ii=i i=2 

where we used (13.140 in the first inequality, and the last inequality follows by setting i = 0, u = 
and ffm = {0} in (I3.23p . 

For A^ > 2, as above we write 

iiv=O^JV) i^=o j^=0^iv) -"^ '^ ' 

^JiV + l ^JiV 

^''^-i °° /iV-l) 

^^^EE^'^'^-^"^(^- = ^r^') 

j=0 iiv=0 

<(jjv-i + I)e56-'G,. (3.34) 

For the sum over Jn-i, we proceed as above except that we now have an extra factor of {Jn-i + 1), 
whence we use (13.231) with i = 1. Continuing in this way until reaching the sum over ji, we get 
N — 2 factors of a = esS~'^G*'^. For the sum over ji, proceeding as for the A^ = 1 case but with 
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the extra factor (ji + 1), we then have to deal with the term 

oo ii-1 



■(0)„^i) 



„(0) ji=l ^(1) ii=0 

oo oo 

<esJ2p>^Vn Y.^Ji + 1)H°'(% =o) = esY^jP^iX^ = o) < e,5~'Gf = a, (3.35) 

^CO) ii=l j=2 

where we have again apphed (13.231) . Combining all the factors then gives (I3.3ip . D 

3.3 The derivative of the speed formula 

From (13. 9p and (I3.10p we have that 

J) fll Pi °° '""1 

i^ = -p+TB^Y. Eiy'"' - -^^Vr (X, y), (3.36) 

^ ^ m=2 N=l x,y 

assuming that the latter derivative actually exists. 
Recall (13. 5p and define 

^l^\x,y):~7ri:\x,y), (3.37) 

which is well-defined as a finite sum of finite products of transition probabilities (see (I3.16P ). and 
is non-zero only for a finite set oi x,y G Z*^ due to the nearest-neighbour constraint. In order to 
prove Theorem 11.21 it is sufficient to show that 

oo m — 1 

«^p E E I Y.^y - ^fV^\^^y)\ < ^p^ (3-38) 

/3G[0.11™=2JV=1 x,y 

and 

oo m— 1 

hm sup 5^ 5^|5^(t/-a;)[Vr'(^,2/)l = 0. (3.39) 



This implies the uniform convergence (in /3 G [0, 1]) of the derivative of the summands in (I3.36P 
and allows us to pass the derivative inside the infinite sum and conclude that 2|— > 0. 

Let us write 



^r (^, y) = ^^■^'(^, y) + vT\x, y) + ^'-Z'K^. y), (3.4o) 



where by the product rule, (pl^'^\x, y), (pl^-^\x, y) and ip^^-'^\x, y) arise from differentiating p°(o, ?7l°'), 
nlint;o/^"-+^°'^" «',^l"li) and nil A„, respectively, in ^M- 
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Define 



d 



ii-i 



^o)„^i) 



^'''' -Efe^°(^'OiE E iAj n^"^ "^^ «''ei) 



(0) 
'7i 



^9/3 



ii=i-7(i) n=0 

''ji+i 



OO JAT — 1 



^^-1) „^^) 



■ E E n p"— "- (C'Cli) I E (CVi - O'^^A.I- (3-41) 



J]V=O^Af) JiV=0 
'jJV 



V) 



(N) 



'iiV+1 



It follows that 



m=2 x,y 



(3.42) 



Similarly, for k = 1, . . . ,N, let H]^'^ be defined by replacing (in the definition ( 13. 5p ): A„ with |A,J 
foralln = l,...,iV-l,E,(-. A, with | E,(-. (CVi-C')'''^-l' HSp'^'--^^"^^^^^ (C'<+i) 

'JAT + I 'ijv + 1 

with 



E 



f-^ fr. , , orT; 



a/3 



p 



''ife_l+l°''! ('^(fe) ^(fc) 



W^^S) 



ife-1 



Ff(fc-i) ^^fe) 



n /— "- (C^eO- (3-43) 






For /c = 1, . . . , A^, let J^'^' be defined by replacing in (13. 5p : A^ with |Ai| for all 1 < i < A^ — 1 and 
I ^ fc, A, with I^A.I and Ej-) ^n with | Ej^v) (vZ+i ' vZT^^nI ior 1 < k < N - 1, and 



''^Jn+^ 






E,,^) A^ with 1^ E,(-) (C'+i - C')'^^^-l fo^ ^ = ^- 

Letting i/f'^' := Ef=i ^f and J''^' := Ef=i 4"^', we observe that 

OO OO 

5^|^(y-x)[VrH^,2/)l<^'"', and 5^|^(y-x)[Vr'(a:,y)|< J'"'. (3.44) 

m=2 x,y m=2 x,y 

The remainder of this section is devoted to establishing bounds on F^'^\ J^'^\ and H^'^K 
Lemma 3.6. (Bounds on F'^') We have 



npes5 ^ Gg, N = 1, 



Kp5^^Gqa^-\ N>2. 



_p(iv) < 

Proof. When iV = 1, we first use fl316l) and JKm to get 



(3.45) 



OO ii-1 



doKJ^^ 



F«<^«:|z.,«)-^i«')lEEn^'^ "''' «^<^+i)l 



(0) 



ii=i ^1) n=i 



{,W=o}P 



-np 



J2 k2«') - ^i«')l E P'^ (^n =o)< «:p2(l - 6)6-'G,, 



(3.46) 



(0) 



ii=i 
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where we have used the fact that i^i, z/2 G -M-yC^dJ with 7 < 1 — 5, and we apphed (13.231) . This 
gives the bound for iV = 1. 

For A^ > 2 we proceed similarly, first using f l3.20p in the form 

(iV) ^^ ■''^ -"- 

and then proceeding as in the proof of Proposition 13. 5[ This involves using f l3.23p with z = to 
deal with what remains inside the sum over j^, which gives overall a factor of {Jn-i + ^)pS^^Gq. 
We then repeatedly use (13.141) and (13.231) with i = 1 for the remaining terms inside the sums over 
Jn-i,Jn-2, • • • 5 J2 in that order. As in Proposition 13. 5[ this gives TV — 2 factors of a. Finally we 
are left to deal with a term of the form 

^Y.\^2{vn - Mvn\ J2^h + 1)^'^^^^.. = o)< ^2(1 - 6)6^'Gf = /.«, (3.47) 

where we again used (I3.23P with i = 1. D 

Lemma 3.7. (Bounds on J'-^^) We have 

^ ~\Kp5~^Gga^-\ N>2,l<k<N. ^ ' 



Proof. The second bound in (I3.48P follows essentially the same proof as that for Lemma [3.61 For 



N > 2, when we sum over j^v and rj- ,j^, we apply (I3.20p if A; < iV and we apply (I3.2ip if A; = A^. 



When we sum over jk and rjjj_^_-^ with k < N, we apply (I3.18p . 



To bound j} , note that by (I3.2ip applied to Xm = fjl and ffn = ff- , we have 



ii-i 



„(o) ii=i ^1) n=o ■" j=2 



Using the parity of Z^ , and proceeding as in the proof of Lemma 13. 3[ 

oo oo oo 

j=2 1=0 j=l\/'2 

oo oo oo 

=Y.p\M, = 0) + Y.v,{Yi = o)Y,n^^ = i\yi = o). (3.50) 

i=2 1=2 j=i 

As shown in the proof of Lemma [3731 for each j e N, conditional on Xj^i and Yi, either M'j = A/^-i, 
or N'j = Mj-i + 1 with probability at least 5. Therefore by the same comparison with the Bernoulli 
random walk M. as in the proof of Lemma 13. 4[ we have 

oo 

Y,P"i^3 = ^\yi = 0) = E"[n^, - Ti] < 6-\ 

3=1 
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Similarly 

oo 

J2 P°{Mj = 0) < 5~^ - 1. 
i=2 

Combining all the above bounds gives 

^r < ^^p{^'^ - 1 + 5'\G^{o) - 1]) = Kp5''^{Gq{o) - 5), (3.51) 

as required. D 

To bound H\^\ we need a new lemma of the form of Lemma 13.31 which accommodates the 
derivative of the transition probability for one of the steps. 

Lemma 3.8. Assume the same conditions as in Lemma \3.3[ Recall the definition of Ui,U2 from 
assumption (A2), and the definition of edge local time i{ff, V^J from fl3.15p . Then for each i G Z_|_ 
and u G 7/, we have 

XI T~ 5Z XI P^'^'i^s = ^Jl{£(x„o,f,y,j=o} X i^l^^iVs+i - Vs) - MVs+i - Vs)\ 

i = l ' S = ffs Tjs + l 

xP""'"°'^=+i(X,-_,_i = m) < esK{i + l)\S-^'+^^Gf+^\ (3.52) 

Proof. Since Ui and 1^2 have disjoint supports Si, and ^2, the left hand side of (13.521) equals 

E E -^ E E ^"'"(^^ = vs)im^^on.,v,j=o} E ^'^rHP'-^'^^-^ix,.,-! = u). 

r=l i=l ' s=0 ffs w:=ris+i-riseSr 

(3.53) 

Let Pu"l^\ denote the law of a random walk which evolves according to a RWRE with history Xm, 
except that the s + 1-st step is deterministic and equals w, and if this step has zero probability 
given the history of X up to time s, then the walk is killed. More precisely, 



(s^)V "+1 ~ " ~ ^\Xn — Xn] 



5w{z), ifn = s, 

P^'"(X„+i - Xn = z\Xn = Xn), otherwisc, 



and the walk is killed at time s + 1 if P^'"(Xs_|_i — Xg = w\Xs = Xg) = 0. 
Then (I3.53P is bounded by 



2 00 / . .X| j-i 

'^E E ^^H E -^J2KU^^ = ")• (3.54) 

r=l w&Sr j=l s=0 



As in the proof of Lemma 13.31 we have 



i-i 
Pf-^^{X, = u) <Y,P,iYi = U,,{u))P^-^^{^, = l\Yi = n,,(«)), (3.55) 

1=0 
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where Mj is the number of steps of Xj with non-zero 11^^ -projection. Thus, the sum over j in 
fl3.54p is bounded by 



{3+^)\ 



i-i i-i 



E ^^ EE^^(^ = n..H)^ri)(A/;- = m = ^.m)) 



oo 



r- 



s=0 1=0 



oo oo 



:J]p,(i^ = n,,H)5^ E 



^^^ri)(A^.=^i>^=n..M). 



(3.56) 



i=0 s=0 j=(/Vs)+l 

As in the proof of Lemma 13.41 we can couple N' with a Bernoulh random walk Ai such that 



E ^^^&)(-^. = ^l^' = n..H) 



i=(«Vs)+l 



T"! + l-l 



=^; 



<E 



i=r,V(s+l) 
T, + i(A4-l)-l 

E 



(J+^)! 
(J + Q! 



Yi = U,,{u) 



E ^p(M-i-o 



J! 



(3.57) 



j=Ti{M~l)Vis+l) " j=(ivs)+l 

where A^„ ~Bin(n, (5). Therefore the summation over s in fl3.56p is bounded by 

oo j-1 



oo oo 



E E ^^(x.-i = o=EE^^(-^.-i = o 



=0 j=(ivs)+l 



J! 



j=i+l s=0 



J! 



E 



U + '0! 



p(Ai, = / + 1) < f ^-^^^PiM, = /) < r-«)ii±l±i^. 



(3.58) 



as in (I3.29p . Substituting this bound back into (I3.56P and then into (I3.54p then proves the lemma, 
where we need to use (I3.25P and the fact that ui, U2 each has total mass 7 < 1 — 5 = £5/2. D 



Lemma 3.9. (Bounds on iiT^^') We have 



HW < 



Kpa 



N 



N=k>l, 



' - ^ 2Kpej6-^GqGfa^-^, N> k>l. 



Proof. We first use flXTBD and ^M) to get 

00 ji-i 

H« < Ep°(''."r)EEE^'"'(^' = 'i")i,<»o.ii",...M> 



(0) 






^0)n^l) 



E ^l^2(^^+i - ^f') - ^1(^^+1 - ^i')\P'^' '^'-(^n 



-/-I 



o)p 






00 J 



j=2 1=1 fli r]i+i 

(3.59) 



< npesS G* = npa 
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where we have used Lemma [3.81 with i = 0. 

For iV > 2, we first bound | Zj^, «+i ' V^T^^nI in i/f' by pi ,n, .n-^u using (^M>- 
For k = N, we then use Lemma 13.81 with z = to bound the sum over j,^, yielding a factor 
of K,pes5~'^G*^{iN~i + !)• We then proceed exactly as in the proof of Proposition 13.51 on the sums 
over jjv_i, . . . , ji in that order, giving A^ — 1 factors of a. 

If A^ > A; > 1, we use (13.23^ with z = to bound the sum over j^v, yielding a factor of 
p6~^Gq{JN~i + !)• We then proceed exactly as in the proof of Proposition 13.51 on the sums over 
Jm-1, ■ ■ ■ ,jk+i in that order, giving N — [k + 1) factors of a. We then obtain a factor es from 
Y^ (fc) |Afc| and then we use Lemma 13.81 with z = 1 to bound the sum over jk, giving a factor 

2Kes6~^G*^{jk-i + 1). We then proceed exactly as in the proof of Proposition 13.51 on the sums over 
jk-i, ■ ■ ■ ,ji in that order giving k — 1 additional factors of a. The case A^ > A; = 1 is similar. D 



4 Proof of Theorem 11.2 



By assumption (A3), G« < oo for i = 1, 2, 3, 4. It follows that a = 2(1 - 5)d-^Gf < 1 for 5 < 1 
sufficiently close to 1 (depending only on q{-)), in which case (I3.3ip is summable in A^, and thus 
(13.71) and (13. 9p hold. By assumption (A3) that Gg{o) < 2, and by Lemmas 13.61 13. 7[ and 13. 9[ 
uniformly in /3 G [0, 1], we have 

N N 

Y,F^^^<^pG,,s, E E 4"' ^ '^z^^^,., EE^r<'^pc'3,., (4.1) 

Af>l N>1 k=l N>1 k=l 

where Gi^SiC^^s \ as 5 /^ 1 and 6*2,5 < 1 for 5 sufficiently close to 1. It follows that for 6 
sufficiently close to 1 (depending only on q{-)), (I3.38P holds. To conclude the proof of Theorem II. 2[ 
it only remains to verify (I3.39p . 
Note that 

00 m— 1 00 

E E iE(^-^)"Vr(a:,i/)i< 5](F(-' + j'-'+i7(-'), 

m=l N=No x,y N=No 

which by Lemmas 13.61 13.71 and 13.91 tends to (uniformly in /3 G [0, 1]) as A^o — ^ 00 if 5 is 
sufficiently close to 1. Therefore (13.390 follows from Lemma [4.11 below, which concludes the proof 
of Theorem 11.21 D 

Lemma 4.1. If 6 e (0, 1) is chosen such that « = 2(1 — 6)6~''^G*^ < 1, then for each A^ G N, 

00 
hm sup 5^ |5^(2/-x)[VL"'(^,2/)l = 0. (4.2) 

Proof. As in ([330]), we will split Lpl^'> into (y?^-*' for 1 < z < 3. It will be sufficient to verify (jOD 
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with (pl^^ replaced by v^^''-' for i = 1,2, 3. Note that 

m=mo x,y Ji,---,jjv>0 (0) -Ji) 

ji + '-'+jjv>»"o-JV ''1 'ii+i 



. . j: pv-... (x,„ = 4">) I j2 (C^, - xS')™ A, 






''.■^ 



^E E j:\lnP>'vn\j:p'^"A=vf)\AA 



k = l i^k:ji>0 (0) ' ^1) 



• ■■E^''— (^.. = C^)| E(C+i-0^''^-l' (4-3) 

where we made the observation that one of the A^ paths f/^^ must have length at least ^ — 1. In 
the sum over k in (14. 3p . ii k = N , then the sum over Jat > ^ — 1 can be bounded by 

iiv-i 
P E E^'^^-^"^(^^- = ^1''^'^)^/'(^'^-i + l)^^P E P'^^-'-^^'{X,, = n). (4.4) 

3N>^-i ^-" Jjv>-r--l 

By Lemma [3 ■3[ for each i > 0, we have 
,„p ± ^l^PHX, ^ n) < sup ± (1±^PHX, ^ n) < <' + ^"^"•"'^'""' . (4.5) 

Applying this bound with i = to (14.41) then gives a factor of l/niQ. Summing over Jn-i, ■ ■ ■ ,ji 
in (14. 3 P with k = N as in the proof of Lemma [3.61 then gives a bound proportional to l/rrio, which 
is independent of /3 and tends to as rriQ — )■ oo. 

In the sum over k in (14. 3p . ii k < N, then we sum over Jn,- ■ ■ ijk+i similarly as in the proof 
of Lemma [3.61 each sum giving rise to a constant factor depending only on 6 and g(-). When we 
sum over jfc > ^ — 1, we need to bound 

E o-^ + i)E^'^-^"h^.. = #"^), 

,-.>!I!0_i i=0 

for which we can apply (14. 5 p with i = 1 to obtain a factor of l/niQ. Summing over jk-i, ■ ■ ■ ,ji 
only leads to bounded constant factors. This verifies (14. 2 p with (fl^'^^ in place of </?„'• 

The proof of (14. 2 p with (y9[^' replaced by v^^'^' o^ V^m'^' is similar. Of the A^ paths VjJ+i, 
1 < k < N, one of these will have length at least jfc > ^ — 1. We then draw upon the proofs 
of Lemmas 13.71 and 13.91 to sum over jk, 1 ^ k < N, and apart from (14. 5p . we will also need the 
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following corollary of Lemma 13.81 

^^P XI — ^ 5Z5Z^^'"'^^' = ^i)^{t{xn.ofjiy^,)=o}^K.\v2{Vi+i - ^0 - ^i{t1i+i - Tll)\ 

xP-"^«(;f.-,-.-.) < -'-" + ^'^'"'^°""'. (4.6) 

Note that we would need to apply (14.61) with i = 1, which uses G*^ < oo from assumption (A3). 
The details will be left to the reader. D 



4.1 Remark on Assumption (A3) in Theorem 11^2] 

It is possible to replace the assumption that G*^ < oo with a local central limit theorem bound of 

the form 

C 
supP(,(X„ = x) < — ^, for some a > 3. (4.7) 

The usual choice would be a = y? which is greater than 3 when cii > 6. We give the main ideas 
of the argument here. For further details see |10j . 

The bound G*'^ < oo was used when obtaining the estimate (14.61) . However we only require that 
the left hand side of ( 14. 6p converges to as tuq — )■ oo. As in the proof of Lemma [3.81 (c.f. (I3.56P ) 
this involves estimating 



f ■ _i_ -w J~ 



J -U) 



2 oo oo oo / . .\ . 



1 {s,w)^ 

r=l w&Sr l=Q s=0 j=l\/s\/'mo 



u —. r^. T-r. Z^r. ■ ,T7T, .. J 



oo oo 



<sup«:^^z..(^)^P,(l^ = n,,(«))^ E ^-^^PiM,-l=l). (4.8) 

r=l wGSr 1=0 s=0 j=lVsVmo -^ 

Using the local CLT bound (14. 7p this is bounded by 

1=0 j=lVmQ ■' 1=0 j=lVmo 

E°° C„ >^ (j + Z + 1)! „, , . ^ ,, 

l=K j=l -^ ' 

(4.9) 
As in (I3.58P the last term of (14. 9 p is bounded by 

Z_-r' la ]\ ~ A-c ]a 



l=K l=K 
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which can be made arbitrarily small by choosing K large depending on q and i G {0, 1} when 
a — (z + 1) > 1, (i.e. a > 3 when z = 1). For any K, the first term of (14. 9 p can be made arbitrarily 
small by choosing tjiq sufficiently large (see the proof of Lemma 4.1 of [10] for details). 
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